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The excess entropy has been calculated directly employing
acceptance ratios during a single Monte Carlo or molecular
dynamics simulation. Very stable excess entropies have been
obtained for both water and hard-dumbbell fluids. The upper and
lower limits of the cell volumes are suggested as well.

The calculation of the free energy and the entropy for
chemical and biological systems has been a topic of central
importance. Thanks to recent rapid progress in the field of
computer simulations, a number of methods1{4 have been
proposed for the calculation. However, it is very difficult yet to
calculate the free energy and the entropy directly from computer
simulations.

The excess entropy of an N-particle system could be
approximately expressed using the average of effective accep-
tance ratios f ðrR; rÞ as5

Sex

Nk
� ln

R
�
f ðrR; rÞ expð��=kTÞdqR

�
expð��=kTÞdq

¼ lnh f ðrR; rÞi�; ð1Þ

where r is a configuration of a molecule sampled during the
Metropolis Monte Carlo6 or the constant NVT molecular
dynamics3 simulation and rR is a virtual random configuration
generated by a separate parallelMonte Carlo procedurewithin the
cell�. On the other hand,� is the potential energy of themolecule
at the configuration r. In equation 1, h f ðrR; rÞi� denotes the
canonical ensemble average of f ðrR; rÞ over rR. An effective
acceptance ratio was expressed as
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exp½�ð�R � �Þ=kT
 if �R � �,
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where �R is the potential energy at rR of the sampled molecule.
The cell was selected as a cube having a fixed volume V=N,
centered at the configuration r. While it is actually impossible to
average theBoltzmann factors owing to great fluctuations, we can
reduce the fluctuations considerably by averaging f ðrR; rÞ.5
However, the residual fluctuations still remain in the method. In
particular, the averages of f ðrR; rÞ in computer simulations for
liquid water having strong electrostatic interactions show
significant fluctuations. Therefore it would be hard to apply the
method generally to complex systems such as water.

The average of acceptance ratios should give much more
stable results than the effective acceptance ratio. An acceptance
ratio aðrR; rÞ is expressed as

aðrR; rÞ ¼
exp½�ð�R � �Þ=kT
 if �R � �,

1 if �R < �.

�
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The acceptance ratio and the Boltzmann factor are shown in
Figure 1. However, the excess entropy is inevitably under-
estimated if aðrR; rÞ, instead of f ðrR; rÞ, is averaged in equation 1.

We can consider two possible recipes to correct the under-
estimation. One is that we preserve the cell volume as V=N and
introduce a scaling factor. The other is that we regard the cell
volume as a parameter, change it to a smaller value, and then
calculate the excess entropy utilizing only aðrR; rÞ. We have
applied the former recipe to the two-center-Lennard-Jones liquids
and the details of the method are described elsewhere.7 In this
Letter we focus on the latter one because it may be applied to
complex systems. This method utilizing the average of aðrR; rÞ
along with the cell volume smaller than V=N will be named as
acceptance ratio averaging (ARA). We have applied ARA to
liquid water and hard-dumbbell fluids.

Liquid water has been a topic of fundamental importance
until recently.8 On the contrary, the hard dumbbell is a very
simple system having no attractive force. The relevant cell
volume could be easily obtained from simple test calculations.
Simulations for the TIP4P9 and ST210 models of water have been
performed at 25 �C and 1 g/cm3. We have chosen 8 �A3 (0.2674
V=N) as the cell volume for liquid water, which is considered to
give the lower limit of the cell volumes. 216 molecules were
simulated and 3� 106 configurations were averaged after
equilibration. The periodic boundary conditions were used and
the cut-off distances of TIP4P and ST2 models were 8.5 �A9 and
8.46 �A,10 respectively. The hard-dumbbell system11 consists of
two fused hard spheres with the elongation l=�, in which l is the
center-to-center separation of two hard spheres having the
diameter �. The reduced density �d3 is defined as
��3½1þ 1:5ðl=�Þ � 0:5ðl=�Þ3
. The relevant cell volume of the
hard-dumbbell system has been estimated to be 0.5615 V=N,11

which is presumed to be the upper limit of the cell volumes.
Because a bug was found in the used program,11 we have newly
performed calculations for hard-dumbbell fluids. 216 molecules
were simulated and about 1� 106 configurations were averaged
after equilibration using the periodic boundary conditions.

In each configuration sampled during the Metropolis Monte
Carlo simulation, a sampled molecule is moved to a virtual
random configuration rR and rotated freely throughout a separate

Figure 1. The Boltzmann factor (solid) and the acceptance ratio
(dotted) as functions of the potential energy difference (�R � �)
obtained throughout virtual random sampling.
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parallel Monte Carlo procedure. Then aðrR; rÞ is evaluated at rR
and averaged. Thereafter the virtual configuration is removed and
the normal Metropolis Monte Carlo procedure is performed. At
each time step of the constant NVT molecular dynamics
simulation, aðrR; rÞ is evaluated and averaged throughout the
separate parallel Monte Carlo procedure as well. The excess
Helmholtz free energy is obtained by Aex ¼ U � TSex whereU is
the averaged potential energy.

The internal energies and excess entropies of water models
calculated using ARA are summarized in Table 1 with reported
values.9;10;12 Their excess free energies are also shown in Table 2
to compare with reported values.12{15 ARA gives much more
stable results, converged within �0:02, compared with other
calculation methods. The results of hard-dumbbell fluids with
l=� ¼ 1:0 are reported in Table 3. Our results are in good
agreement with those from the particle insertion11;16 (PI) and
thermodynamic integration (TI) using Tildesley-Streett17 and
Boublik-Nezbeda18 equations of state. Very stable results
converged within �0:01 have been obtained for hard-dumbbell
fluids. The results calculated using 125 and 256 molecules for
hard-dumbbell fluids have been almost the same as those using

216 molecules. ARA gives satisfactory results for hard-sphere
fluids as well as for hard-dumbbell fluids with various
elongations.11

PI is hard to apply for high-density regions of hard-dumbbell
fluids due to the extremely low acceptance ratio of the test
particle. The acceptance ratio of a hard-dumbbell molecule at
�d3 ¼ 0:9 from ARA is about 1� 10�3, whereas the acceptance
ratio of the test particle in PI is estimated to be only 3� 10�14.17

The cell volumes of the above-mentioned two systems give
us very important criteria for the direct calculation of the excess
entropy. For example, the Lennard-Jones system can be regarded
to be intermediate between liquid water and hard-dumbbell
systems. For the Lennard-Jones fluid at ��3 ¼ 0:75 and
kT=" ¼ 1:071, the excess free energy (Aex=NkT ¼ �2:25)
obtained from ARA employing the cell volume of 0.42 V=N is
actually the same as the result from TI.19

The relative error of ARA in the evaluation of the excess
entropy is estimated to bewithin 1%and0.2% for liquidwater and
hard-dumbbell fluids, respectively. Ourmethod does not need any
reference system and so overcomes the difficulties arising from
phase transitions of high-density fluids or solids.20 ARA is an
extremely efficient method because the excess entropy is directly
calculated from a single computer simulation at fixed density and
temperature.

We have calculated the excess entropies of liquid water and
hard-dumbbell fluids directly by averaging the acceptance ratios
during a single computer simulation. We have obtained very
stable results for both liquid water and hard-dumbbell fluids. The
upper and lower limits of the cell volumes have been suggested as
well. This method is expected to be applicable to more complex
systems extensively.
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Table 1. Internal energies and excess entropies calculated for
water models at 25 �C and 1 g/cm3

U/kcal/mol TSex/kcal/mol

ARAa Reported ARAa Reported

TIP4P �10.06 �10.10b �4.45
ST2 �10.08 �10.11c �4.38
Experimentd �9.974 �4.242
aCalculated from the average of aðrR; rÞ. bCalculated.9 cFitted
from calculated results.10 dRef 12.

Table 2. Excess Helmholtz free energies calculated for water
models at 25 �C and 1 g/cm3

Aex/kcal/mol

ARA Reported

TIP4P �5:60� 0:02 �5:60� 0:09a, �5:5� 0:3b

ST2 �5:71� 0:02 �5.40c

Experimentald �5.732
aCalculated using the Monte Carlo recursion method.13
bCalculated using the single solvent perturbation method.14
cCalculated from thermodynamic integration.15 dRef 12.

Table 3. Excess Helmholtz free energies of hard-dumbbell
fluids with the elongation l=� ¼ 1:0

�d3
Aex=NkT

ARA PIa TSb BNc

0.3 1.16 1.12 1.13 1.11
0.4 1.68 1.66 1.66 1.64
0.5 2.34 2.21 2.32 2.27
0.6 3.12 3.14 3.12 3.03
0.7 4.08 —d 4.13 3.93
aCalculated using the particle insertion method.11;16
bCalculated from thermodynamic integration using Tildes-
ley-Streett equation of state.17 cCalculated from thermody-
namic integration using Boublik-Nezbeda equation of state.18
dThe excess free energies in high-density regions could not be
well evaluated throughout 1� 106 configurations, owing to
extremely low acceptance ratios of sampled molecules.
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